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Abstract

We study a class of optimal control problems with state constraints, where the state
equation is a differential equation with delays. This class includes some problems arising in
economics, in particular the so-called models with time to build, see [1, 2, 26]. We embed the
problem in a suitable Hilbert space H and consider the associated Hamilton-Jacobi-Bellman
(HJB) equation. This kind of infinite-dimensional HJB equation has not been previously
studied and is difficult due to the presence of state constraints and the lack of smoothing
properties of the state equation. Our main result on the regularity of solutions to such a
HJB equation seems to be entirely new. More precisely, we prove that the value function
is continuous in a sufficiently big open set of H, that it solves in the viscosity sense the
associated HJB equation and it has continuous classical derivative in the direction of the
“present”. This regularity result is the starting point to define a feedback map in classical
sense, which gives rise to a candidate optimal feedback strategy.
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1 Introduction

The main purpose of this paper is to prove a C'! regularity result for a class of first order infinite
dimensional HJB equations associated to the optimal control of deterministic delay equations
arising in economic models.

The C! regularity of solutions to the HJB equations arising in deterministic optimal control
theory is a crucial step in solving the control problems. Indeed, in order to obtain an optimal
strategy in feedback form one needs the existence of an appropriately defined gradient of the
solution. It is possible to prove verification theorems and representation of optimal feedbacks in
the framework of viscosity solutions, even if the gradient is not defined in classical sense (see e.g.
[8, 31]), but this is usually not satisfactory in applied problems since the closed loop equation
becomes very hard to treat in such cases.

The C' regularity of solutions to HJB equations is particularly important in infinite dimen-
sion since in this case verification theorems in the framework of viscosity solutions are rather
weak and in any case not applicable to problems with state constraints (see e.g [18, 27]). To
the best of our knowledge, C' regularity for first order HJB equation was proved by method
of convex regularization introduced by Barbu and Da Prato [3] and then developed by various
authors (see e.g. [4, 5, 6, 7, 15, 16, 19, 22, 23]). All these results do not hold in the case of state
constraints and, even without state constraints, do not cover problems where the state equation
is a nonlinear differential equation with delays. In the papers [10, 12, 20] a class of problems
with state constraints is treated using the method of convex regularization but the C' regularity
is not proved.

In this paper we deal with a class of optimal control problems where, given a control ¢(-) > 0



the state x(-) satisfies the following delay equation

{x’(t) = ra(t) + fo (2(t), [ a(§)a(t +€)d€) — e(t),
35(0) = To, l‘(S) = 771(5)’ s € [_Tv 0)7

with state constraint x(-) > 0 or z(-) > 0. Given two functions U; : RT — Rt Uy : RT —
[—00,+00), both increasing and concave, the objective is to maximize the functional

+o0
J(p: o)) = /0 P (U (e() + Un(a(t))) dt, p >0,

over the set of the admissible controls ¢(-). We may think of the functions U, U, as suitable
utility functions, see Section 2 for more details. Problems of this type arise in various economic
models. In particular, in [1, 2, 26] the authors study optimal growth in presence of time-to-build
(i.e. delay in the production due to the need of time to build new products) that cannot be
studied using the existing theory except for very special cases, see [1, 2, 26] again.

Using a standard approach (see e.g. [9]) we reformulate our problem as a control problem in
the Hilbert space H = R x L?([-T,0]; R) where, intuitively speaking, R describes the “present”
and L?([-T,0]; R) describes the “past” of the system. The associated Hamilton-Jacobi-Bellman
equation in H has not been previously studied and is difficult due to the presence of state
constraints and the lack of smoothing properties of the state equation.

The cases with state constraint z(-) > 0 and the state constraint z(-) > 0 are different; we
consider mainly the first one and then devote Section 5 to explain which results remain true for
the second one. Concerning the first case we prove that the value function is continuous in a
sufficiently big open set of H (Proposition 3.8), that it solves in the viscosity sense the associated
HJB equation (Theorem 4.4) and it has continuous classical derivative in the direction of the
“present” (Theorem 4.6). This regularity result allows us to define the formal optimal feedback
strategy in classical sense, since the objective functional depends on the “present” only. The
method we use to prove regularity is entirely different from the one of convex regularization
mentioned above. Indeed, it is based on a finite dimensional result of Cannarsa and Soner
[13] (see also [8], pag. 80) that exploits the concavity of the data and the strict convexity of
the Hamiltonian to prove the continuous differentiability of the viscosity solution of the HJB
equation. Generalizing such a result to the infinite dimensional case is not trivial as the definition
of viscosity solution in this case strongly depends on the unbounded differential operator A
which appears in the state equation. In particular, we need to establish specific properties of
superdifferential that are given in Subsection 3.3.

We believe that such a method could be also used to analyze other problems with concavity
of the data and strict convexity of the Hamiltonian.

The plan of the paper is as follows. Section 2 is devoted to set up the problem in DDE
form giving main assumptions and some preliminary results (in Subsection 2.1) that are proved
directly without using the infinite dimensional setting. In Section 3 we rewrite the problem
in the infinite dimensional setting and prove the existence and uniqueness of solutions of the
state equation (Subsection 3.1), continuity of the value function (Subsection 3.2) and some useful
properties of superdifferentials (Subsection 3.3). In Section 4 we apply the dynamic programming
in infinite dimensional context to obtain our main results: we prove that the value function is
a viscosity solution of the HJB equation (Subsection 4.1) and then we prove a regularity result
for viscosity solutions of HJB (Subsection 4.2). In Section 5 we explain which results hold in
the case when the state constraint z(-) > 0 is substituted by x(-) > 0.



2 Formulation of the control problem and preliminary results

In this section we define the control delay problem and provide some financial motivations for
it. We will use the notations

Lb = LP([-T,0;R), p>1, and Wp*:= WY([-T,0];R).
We will denote by H the Hilbert space
H:=Rx L3,
endowed with the inner product (-,-) defined by
) = ()
and the norm || - || defined by
12 =1+ 17
We will denote by n = (10, 71(+)) a generic element of this space. For convenience we also set
Hy = (0,400) X L, Hoy = (0,400) x {m () € L3 | m() > 0 ae},
Ay = [0,400) x I3, Hay 1= [0,400) x {m() € I3 | m() > 0 ae.}

Remark 2.1. Economic motivations we are mainly interested in (see [1, 2, 26] and Remark 2.7
below) require to study the optimal control problem with the initial condition in H, in the
case of state constraint x(-) > 0 or in Hy in the case of state constraint z(-) > 0. However
the sets H, and H,, are not convenient to work with, since their interior with respect to the
|| - |[-norm is empty. This is why we take initial states belonging to H, or H, (respectively in
the case of state constraint x(-) > 0 or z(-) > 0). [

For n € H, (respectively, n € H,), we consider the following controlled differential delay
equation:

{x%t) = ra(t) + fo (2(0), [ a(&)a(t +€)dE ) — e(t), 0

.’L’(O) = 1o, JZ(S) = 771(3)7 s € [_T7 0)7

with the state constraint x(-) > 0 (respectively, z(-) > 0) and control constraint ¢(-) > 0.

The following will be standing assumptions on the functions a, fg. They will hold throughout
the whole paper and will not be repeated.

Hypothesis 2.2.
(i) a(-) € W%’z is such that a(-) > 0 and a(—T") = 0;

(ii) fo : [0,+00) x R — R is jointly concave, nondecreasing with respect to the second variable,
Lipschitz continuous with Lipschitz constant Cy,, and

f0<070) > 0. (2

~—



Remark 2.3. In papers [1, 2, 26] the point delay is used. We are not able to treat this case
for technical reasons that are explained in Remark 4.9 below. However, we have the freedom
of choosing the function a from a wide class and this allows us to take into account various
economic phenomena. Moreover, we can approximate a point delay with a suitable sequence of
functions {a,} getting convergence of the value functions and constructing e-optimal strategies.
This approximation procedure is an object of a forthcoming paper. |

From now on we will assume that f; is extended to a Lipschitz continuous map on R? setting

fo(l“,y) = fO(an)v fOI’CL‘<0.

For technical reasons, which will become clear in Subsection 3.2, we work with the case r > 0,
noting that the case r < 0 can be treated as well by shifting the linear part of the state equation.
Indeed, in this case we can rewrite the state equation taking for example 7 = 1 as a new coeflicient
for the linear part and shifting the nonlinear term to obtain fo(z,y) = fo(z,y) — (1 — r)z.

We say that a function = : [-T,00) — RT is a solution to equation (1) if xz(t) = n(t) for
te[-T,0),

t
/ |z(s)|ds < o0, t>0,
0

and

x(t) =mno + /Ot rz(s)ds + /Ot fo <x(s), /0 a(&)x(s+ {)d§> ds — /Ot c(s)ds, t>0. (3)

Theorem 2.4. For anyn € H, c(-) € L}, ([0, +00); RT), equation (1) admits a unique solution
that is absolutely continuous on [0, +00).

Proof. Let K = sup¢c[_7,0 a(§). For any t > 0, 2122 € O([-T,t];R), we have

/0 t [rm(s) — 23|+ | fo (zlcs), / ’ a<s)zl(s+g>> ~ f (22<s), / ’ a(g)ZQ(H@)H n

_T -T
< /0 aa(s) = 229+ Ci [11(6) = 2a) +K/_°T|zl<s+s> - alo + )l | as

< /0 [<r+0fo>|zl<s> ~aa(o)| + Ok [ 1a1(6) - Z2(5>|d4 ds
< (r+Cp) /0 21(5) — 2a(o)lds + tC K [ 1(9) — a6l
< [(r + Cp) +1Cp, K] / 121(6) — za()]de
-7

t 1/2
< [(r+ Cp) +1C, K] (t + T)V ( [ 1m©- zQ<5>|2ds) .

Thus the claim follows by Theorem 3.2, p. 246, of [9]. O

We denote by x(:;7n,c¢(-)) the unique solution of (1) with initial value n € H; and con-
trol ¢(-). We emphasize that this is a solution to integral equation (3); it satisfies differential



equation (1) only for almost every ¢ € [0, 4+00).

For an initial condition n € Hi we define a class of the admissible controls for the
problem with state constraint xz(-) > 0 as

C(n) := {e(-) € Line([0, +00); RY) | 2(:im, () > O} (4)

In analogous way, for an initial condition € H, we define a class of the admissible controls for
the problem with state constraint x(-) > 0 as

C(n) := {e(-) € Line([0, +00); RY) | 2(:im, () = O} (5)

In both cases, setting z(-) := x(+; 1, ¢(+)), the problem consists in maximizing the functional

“+o0o
Tpe() = [ e elt) + Uala(v) . (6)
over the set of the corresponding admissible strategies.

From now on we consider the first problem, that is the one with state constraint z(-) > 0. We
refer to Section 5 for comments on the case with state constraint z(-) > 0.

The following will be standing assumptions on the utility functions U;, U and on the
disconuting rate p. They will hold throughout the whole paper and will not be repeated.

Hypothesis 2.5.
(i) Uy € O([0,4+0); R) N C?((0, +00); R) and
U >0, U <0; Uj(0") = +o0; (7)
34, €[0,1),C1 > 0 such that Uy (c) < C(1+ ). (8)

Without loss of generality we will assume U;(0) = 0. We note that (7) and (8) imply
lime_ 400 Ul (c) = 0.

(ii) Uz : [0, +00) — [—00,+00), Uz € C((0,400);R) is increasing and concave. Moreover
+oo
/ e Pty (e_cfot) dt > —oo. (9)
0

and
36y € [0,1),Cy > 0 such that Uy(z) < Cy(1 + z2). (10)
(iii) The discounting rate p is such that
p>(B1V ) <7” +Cfo (1 +T- sup a(f))) ; (11)
£e[-T,0]

where Cf, is the Lipschitz constant of fy and (1,32 € [0,1) are the constants in (8) and
(10), respectively. [



Remark 2.6. We give some comments on Hypothesis 2.5.

1. Utility functions such as %, ~v € (0,1), are possible choices for U;. Utility functions such
as %, v E (—pC’fol, 0) U (0,1), or log(x) are possible choices for Us.

2. Through the whole paper the case Us = 0 is allowed. Therefore, the case of an objective
functional depending only on consumption (as in [1, 2, 26]) is allowed.

3. Note that (9) is equivalent to
+oo
/ e Uy (¢e7C!) dt > —oc0, VE > 0.
0

4. If r <0, then in (9) we have to replace Cy, with |r| + C§,.
5. If we assume that
36 > 0 such that rx + fo(x,0) > 0,Vz € (0, 4], (12)

then assumption (9) can be removed. Due to (2), we see that (12) holds for example if
x +— rx+ fo(x,0) is nondecreasing. Therefore in particular it holds if » > 0 and f depends
only on the second variable (see the analogy of this case with [1, 2, 26]). |

Remark 2.7. We believe that our technique could be adapted to cover optimal advertising and
optimal investment/consumption models with nonlinear memory effects. We refer to [21] for a
survey on optimal advertising models (where the introduction of memory effects is advocated)
and [24] for a treatment of such problems in stochastic environment. [

2.1 Preliminary results

In this subsection we investigate some qualitative properties of state equation (1), of the set of
admissible strategies (4), of the objective functional (6) and of the value function of our optimal
control problem.

2.1.1 State equation

We prove here a useful comparison result for state equation (1).

Lemma 2.8 (Comparison). Let n € H and let c(-) € L}, ([0, +00); RT). Let x(t), t >0, be an
absolutely continuous function satisfying almost everywhere the differential inequality

{x’(t) <ra(t) + fo (2(t). [ a(©)a(t + )dg) — e(t),
z(0) < o, z(s) < ni(s), for a.e. s € [-T,0).
Then x(-) < x(:;1,¢())-

Proof. Set a := supeci_7,0) a(§), y(-) := z(5m,¢(-)) and h(-) := [2(-) —y(-)]*. We show
that h(-) = 0. Let £ > 0 be such that ECdeTeE(T+Cf0) < 1/2 and let M := maxyco . h(t). By
monotonicity with respect to the second variable of fy (Hypothesis 2.2-(ii)) we get

i (x(t» / OTa(f)f'«“(tJrf)dé) < i (zc(t» / 0 a<§>y<t+5>df+aTM>, for t € [0,¢). (13)



Define, for n € N,
0, for x <0,
on(x) = ¢ na?, for z € (0,1/2n],
x—1/4n, for x >1/2n.

and observe that the sequence (¢n)neny C CH(R;R) is such that

on(x) = ¢l (x) =0, forevery z € (—00,0], n € N,
0< ¢ (x) <1, foreveryz €R, neN,

on(x) — T, uniformly on z € R,

o (x) — 1, for z € (0,400).

Now, taking into account (13), we have, for ¢ € [0, £],

on(z(t) —y(t) = @n(x(0) =) +/O en(@(s) = y(s))[2'(s) — y'(s)]ds

< [ (als) — y(s)) [r(a:(s) ()
o (x(s% / OTa@):c(s 1) s) s <y<s>, / OTa(f)y(s " 5>d§) ] s
< [ i) - [r(a:(s) ~ y(s)
s (:U(s), /_ OT a(€)y(s + €)de + aTM) —h (y(s), /_ OT a(€)y(s + g)dg) ]ds

t
< [ el = vie) [+ Crlats) — o) + CaT ] s
Letting n — oo we get
t t
h(t) < / (r+Cy,) h(s)ds + CyaT Mt < / (r+Cf) h(s)ds + CpaT Me.

0 0

Therefore by the Gronwall Lemma we get
h(t) < aCdeTMeS(’"JrCfO), for t € [0, €],

so, using the definition of ¢,

M

h(t) < for t € [0, ].

2 )
This shows that M = 0, i.e. that h = 0 on [0, £]. Iterating the argument, since ¢ is fixed, we get
h =0 on [0, +00), i.e. the claim. O

2.1.2 Admissible strategies

Here we prove two useful properties of the set of admissible strategies (4).



Proposition 2.9.
1. For everyn € Hy, we have C(n) # 0 if and only if 0 € C(n).

2. For every n € Hyy we have x(t;n,0) > noe~%t for all t > 0, where Cy, 1s the Lipschitz
constant of fo. In particular, we have C(n) # 0 for everyn € Hy .

Proof. 1. This claim follows immediately from Lemma 2.8.

2. Let n € Hy4 and set z(-) := z(-;n,0). Since z(0) = np > 0, we see that z(¢) remains
strictly positive for ¢ in a right neighborhood of 0. Let

t1 = inf{t > 0 | z(t) = 0}.

Clearly t; > 0. By monotonicity of fy with respect to the second variable (Hypothesis 2.2-(ii)),
we have for ¢ € [0, t1]:

0

2 () = ra®) + fo (x(t), /

-T

(€)olt + €)d€ ) = ra) + fo(u(r).0)

Since fo(0,0) > 0 and fy(+,0) is Lipschitz continuous (with Lipschitz constant Cf,), we get
a'(t) > =Cpyz(t), te[0,t].

This fact implies t; = 400 and x(t) > noefcfot for any ¢t > 0. O

2.1.3 Objective functional

In the next proposition we give upper bounds for the state x(-) and for the functional defined
in (6).

Proposition 2.10.

1. For every n € Hy, there ewist constants Ko, K, > 0 such that

z(t;n,0) < K,efot, (14)
2. For everyn € H, there exists C,; > 0 such that
+00
/ P (U (c(t)) + U (x(t))dt < Cy < +00,  Ve(-) € C(1). (15)
0

In particular, the functional (6) is well defined* for everyn € H., c(-) € C(n).

Proof. 1. Let

a:= sup a(§), p:= fo(0,0)>0.
66[_T70}

Since fg is Lipschitz continuous with Lipschitz constant C',, we have

re+ fo(z,y) <rz+ Cp(z+|y]) +p:=g(z,y), VzeR', VyeR. (16)

'Even if it may take value —oo.



Let z(-) be the solution to the problem
{z'(t) = g (2(6), [Or al€)=(t + €)dg)
z(0) = no, 2z(s) =m(s), for a.e. s € [-T,0).

Of course z(t;7,0) < z(-) by Lemma 2.8. Since g is positive, we see that z(-) is positive and
nondecreasing. So

0
Z(t)=g (z(t),/Ta(f)z(t + E)dﬁ) <rz(t)+ Cy, (z(t) + &||n1||L£T + Esz(t)) + p.
Therefore, the Gronwall Lemma yields

Cralmllp:, +p
r+ Cfo(l +aTl)

z(t;1,0) < 2(t) < (770 + ) elr+Cpan)t,

and the claim follows with

Croallmllp:, +p
r+Cr(1+al)’

K, =mno+ Ko =r+Cy(1+4al).

2. Let n € Hy, c(-) € C(n) and set z(-) := z(-;n,c(-)). By Lemma 2.8, estimate (14) and the
admissibility of ¢(-), we have

0 < z(t) < x(t;n,0) < Kyefolt vt >0. (17)

Let us estimate the part with U, in (15). From (10) we get

+o0 Cy +o0
/ e U (z(t))dt < 3 + Cg/ e Pla(t)P2dt.
0 0

Then, using (17),
+00 too
/ €_th2+(x(t))dt < K;? (1 _|_/ e_Pt@Koﬁztdt> , (18)
0 0

where K, = max {%, 02K52}.

Now let us estimate the part with U; in (15). By (1) and (16) we have

a'(t) < g <x(t)7/0 a(&)x(t + €)d§> —c(t).

-T
Using (17) in the right hand side of the above estimate, we get

2/ (t) < rKefot + ¢y, (KneKot + deHLgT + EzTKneKOt> +p—c(t), forae t>0.

Integrating the above inequality and taking into account that c(-) € C(n) yields z(t) > 0 for
every t > 0, we get

t t
/ c(s)ds <mn +/ (TKneKOS +CYy, (KneKOS +allml T FLTKT,eKOS> +p> ds, vVt > 0.
0 0 -

10



So, there exists K > 0 such that
t
/ c(s)ds < Ky (14", vt >0. (19)
0

Therefore, using (8) and integrating by parts we get, for every T > 0,
Ty 1 +oo
/ LU, (c(t))dt < Oy < + / e—Ptc(t)ﬁldt>
0 p 0

= <; + [e"’t /Ot c(s)ﬁlds} :1 + p/OT1 e Pt (/Ot c(s)ﬁlds) dt)

Therefore, the Jensen inequality yields

T
/ e UL (c(t))dt
0

1 Th B1 Ty t 51
<Cy ;—F e_”TlTll*f81 </ c(s)ds> + p/ e Pl=h (/ c(s)ds) dt | .
0 0 0

Now thanks to (19) and to assumption (11)

T B
lim e_pTlTllfﬁ1 / c(s)ds =0
Ty —~+o00 0
t B1
ts e Pil=h </ C(S)ds)
0

is integrable on [0, +00). So, letting 71 — +oc and using (19), we get

and the function

too 1 too 1-8 " Koty151
e PtUL (c(t))dt < " + Cip e PTG (1 4 e0f)] ™ dt. (20)
0 0

Finally, invoking (18), (20) and (11) we complete the proof. O

2.1.4 Value function

For n € H; the value function of our problem is defined as

V(n) ‘= Sup J(nvc('))v (21)
c(-)eC(n)

with the agreement that sup() = —oo. Due to (15) we see that V(n) < 4oo for every n € H,.
The domain of V' is defined as

D(V):={ne Hy | V(n) > —0}.

Proposition 2.11. H,;y C D(V) and D(V)={ne€ Hy | 0€C(n)}.

11



Proof. From Proposition 2.9-(2) we have H.4 C {n € Hy | 0 € C(n)}. Thus we have to
prove

D(V)={ne Hy|0eC(n)}

If n € D(V), then C(n) # (. Thus, by Proposition 2.9-(1), we have 0 € C(n). This shows the
inclusion
D(V)c{neHy | 0e€Cn)}

Let us prove the converse inclusion. To this end, take n € H; such that 0 € C(n). Then there
exists £ > 0 such that
z(t;n,0) 2 & Vvt €[0,T]. (22)

Set " = (13, n{ (), where
ng = x(T;n,0), ni(s):=ax(s+T;n,0), sec[-T,0].
By (22) we see that n” € H, . Therefore, Proposition 2.9-(2) yields
z(t;nT,0) > nleCnt, vt > 0. (23)

By the semigroup property of the solution z(-;7,0) of (1) we have

z(t+T;n,0) = z(t;n7,0), Vt>0.
Combined with (23) the above equality yields

z(t;n,0) > nde =1 v > T (24)

Therefore, by (9) (see also Remark 2.5-(3)), we have that (22), (24) yield J(n;0) > —oo, so
1 € D(V). The proof is complete. O

Remark 2.12. It is straightforward to see that Proposition 2.11 above holds true if we replace
assumption (9) with assumption (12). [

Definition 2.13 (e-optimal control). Let n € D(V'), € > 0. An admissible control ¢*(-) € C(n)
is said e-optimal for the initial state n if J(n;c*(-)) > V(n) — €.

Proposition 2.14. The set D(V) is conver and the value function V is concave on D(V).

Proof. Let n,7 € D(V) and set, for A\ € [0,1], nx = An+ (1 — X\)i;. For € > 0, let
c(-) € C(n), &(-) € C(n) be two e-optimal controls for the initial states 7,7 respectively.
Set z(-) = x(,n,¢°(1)), T() = a(n,&()), () = A() + (1 = N)&(). Finally set zx(-) =
Az(-) + (1 —A)z(-). We have

h(t) = M)+ (1 -N7 (1)

= Alreto) 4 fo (a0, [ OTa@):c(t +9de) - (0]
1) [m(t) o <x(t),/0

=T

l€)alt+ €)de) - (1)

IN

0
rea(t) + fo (w), [ a@n+ amg) _ ),
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where the last inequality follows from the concavity of fo. Let 2(-;ny, ¢*(+)) be the solution of

the equation
0

2(8) = ra(®) + fo <x(t), /

=T

a(€)alt + §>d£) _ ),

with initial datum ny. Since x(-) > 0 by construction, by Lemma 2.8 we have z(-;ny, ¢ (+)) >
xx(-) > 0. This shows that ¢*(-) € C(ny). By concavity of Uy, Us and the monotonicity of Us
we get

V() = (i () 2 M (5¢5()) + (L= NI (0:€°(-)) > AV () + (1 = NV (7)) — e
Since ¢ is arbitrary, we conclude. 0

By Hypothesis 2.5 (monotonicity of Uj,Usz) and by Lemma 2.8, we obtain the following
result.

Proposition 2.15. The function n — V(n) is nondecreasing in the sense that
o = 1o, m(-) = m(:) = V(no,m()) = V(io,m(-))- O

We next show that V' is strictly increasing with respect to the first variable (where it is finite).

Proposition 2.16. Let Uy = lim. .1 Ui(c) € [0,+00], Us = lim, oo Uz(z) € (—00, +00].
We have the following statements.

1. V(n) < % for everyn € Hy.

2. limy,— 400 V(n0,m) = %, for every m € L2.

3. V(-,m (")) is strictly increasing for every m € L3 over {no >0 | (no,m(-)) € D(V)}.
B lfroof. 1. If U; = 400 or Uy = 400, we have nothing to prove. Therefore assume that
Ui,Us < 400 and let n € D(V). From (19) we get

1
/0 o(r)dr < K, Ve(-) € C(n),

where K = Kf{ (14 e%0). Denoting by m the Lebesgue measure and defining
Iy :={7€[0,1] | e(1) < 2K},

the above inequality implies m(Ix) > 1/2. Therefore

—+00 +oo
/ e PtU (c(t))dt < / e PtU (c(t))dt + / e PtUL (2K dt + / e PtU (c(t))dt
0 [0,1\Ix Ik 1

U _ U 1 _
“1 / e_”t(Ul - U1(2K))dt <2 / e_pt<U1 - U1(2K))dt,
p I p 1/2

where the last inequality follows from the fact that the function ¢ + e! is decreasing. Since U;
is strictly increasing (see Hypothesis 2.5), the quantity U; —U; (2K) is strictly positive. Moreover,
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it does not depend on ¢(-). Since f0+°o e PtUs(x(t;m, c(+)))dt < % for every c(-) € C(n), the claim
is proved.
2. Let K >0, M > 0 and let us define the control

M, iftel0,K],
0, ift > K.

CK7M<t) = {

Given m € L2, for any ng > 0 let us set zx as(t;m0) := (&5 (N0, M), cx.m (). Let

tl(UOaK7M) = 1nf{t 2 0 | x‘K’M(t,T]()) = 0} >0

0= (ﬁﬁ%m a(&)) ([ ).

Thanks to Hypothesis 2.2-(ii), fo is Lipschitz continuous and nondecreasing with respect to the
second variable. Then there exists C' > 0 such that zx y(t; 70) satisfies the differential inequality

and

x/K,M(t; 7]0) > _C(l + xK,M(t;UO) + Q) - M, vt € [Ovtl(nm K, M)]

This actually shows that, for any M > 0, K > 0, R > 0, we can find 79 such that ¢;(no, K, M) =
+00 (so crxm () € C(no,m(+))) and zx am(-;m0) > R on [0, K]. By the arbitrariness of M, K, R
the claim is proved.

3. We notice that, by item 2, the set {no > 0 | (no,m1(-)) € D(V)} is not empty for
every m € L2 and that, by definition of D(V), the function V(-,71(+)) is finite on this set.
Fix m(-) € L%. By Propositions 2.14, 2.15, we know that n9 — V(no,m(:)) is concave
and nondecreasing. Then, assuming by contradiction that it is not strictly increasing on
{no > 01 (no,m(:)) € D(V)}, it should exist 779 > 0 such that V(-,71(-)) is constant on the half
line [79, +00). This fact would contradict the first two claims of the present proposition, so we
conclude. O

3 The delay problem rephrased in infinite dimension

Let 7 = (1,0) € Hy and let us consider, for n € H and ¢(-) € L'([0, +oc); R"), the following
evolution equation in the space H:

{X’(t) = AX(t) + F(X(t)) — c(t)n, (25)
X(0)=n.

In the equation above:

e A:D(A) C H— H is an unbounded operator defined by A(no,n1(-)) := (rn0,n}(:)) on
D(A) :={n e H | m() € Wp*, m(0) = no};
e F': H— H is a Lipschitz continuous map defined by
E(no,m () == (f (no,m()),0),

where f(no,m () i= fo (1m0, J 7 a(€)m(€)de).
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It is well known that A is the infinitesimal generator of a strongly continuous semigroup (S(t)):>0
on H. If we intend 7, extended to [—r,+00) (defining 7; as a whatever function on (0, +00)),
then the explicit expression of S(¢) is

Sm = (M, Lmg)(t +) Mt +-) + Lo ooyt + ) Mo’

Then we have

IS ()]

IN

0 0 9
!noe”!2+2/T}1[_T,01(t+§“) m(t+C)\2dC+2/T‘1[O,+m)(t+<) noe” O d¢

(3 +21))e™In]*.

A

Therefore
ISl ey < Me*, (26)

where M = (3+2T), w = 2r.

3.1 Mild solutions of the state equation

Definition 3.1. A mild solution of (25) is a function X € C([0,+00); H) which satisfies the
integral equation

X(t)=S{t)n+ /0 S(t—71)F(X(1))dT + /0 e(T)S(t — m)ndr, (27)

where both integrals above are understood as Bochner integrals of H-valued functions.
Theorem 3.2. For any n € H, there exists a unique mild solution of (25).

Proof. Due to the Lipschitz continuity of F' and to (26), the proof is a standard application
of the fixed point theorem (see e.g. [9]). O

We denote by X(:;m,¢(-)) = (Xo(sm,¢(+)),X1(;m,¢())) the unique solution to (25) for
the initial state n € H and control ¢(-) € L(][0,4+oc0);R*). The following equivalence result
justifies our approach.

Proposition 3.3. Let n € H and c(-) € L*([0,+00);R"). Let z(-), X(-) be respectively the
unique solution to (1) and the unique mild solution to (25) starting from n and under the
control (). Then, for any t > 0, we have the equality in H

X(t) = (z(t),z(t + eel-10]) -

Proof. Let x(:) be a solution of (1) and let Z(-) = (2(-),z(- + {)|¢ce[-1,0))- Then Z(:)
belongs to the space C([0,400); H) because the function [0, +00) — R, t — x(t) is (absolutely)
continuous. Therefore, we have to prove that Z(t) = (Zy(t), Z1(t)) satisfies (25). The claim will
follow by uniqueness.

For the first component we have to verify that

Zo(t) = "o + /t e’ fo (Zo(T), /OT a(f)Zl(T)(S)d§) dr — /t ¢ Ne(r)dr, Vit 2 0.

0 0
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This corrresponds to

z(t) = e"'ng + /t er(t_T)fo <:C(T), /0 a(é)x(T + §)d§> dr — /t er(t_T)C(T)dT, vt > 0,
0

0

This equality is true for every ¢t > 0, since z(+) is a solution to (1).

Let us consider the second component. Taking into account the equality 1o oo\ (t+ - —7) =
1jr 400)(t + -), we see that have to verify the equality

Z1(1)(€) = gy (t + Ot + €) + L ooy (t + Qo™

t 0
+/0 1[T,+oo)(t +¢) er(tJrCiT)fU (ZO(T)’/

-T

o 21(r)€)d ) dr
t
—/ 17 100)(t+ ) "N e(r)dr, Vit >0, for ae. ¢ € [-T,0].
0
So, we have to verify the equality

2(t+¢) = gt + Omt+¢) + Lo yo0) (t + ¢) noe” T

t 0
+/ 1 400 (t+ Q) er(t+C—T)f0 (:g(r),/ a(&)x(t + f)d§> dr
0

t
—/ Lir 400) (t+ Q) "t e(r)dr, Vit >0, for ae. ¢ € [=T,0]. (28)
0

Let t > 0. If ¢ € [-T,0] is such that ¢t + ¢ € [T, 0], the equality (28) reduces to

2t +¢) =m(t+ Q).

This is true since 7; is the initial condition of (1). If { € [T, 0] is such that ¢4+ ¢ > 0, then (28)
reduces to

¢ ¢
2t 4 ¢) = noe" 9 4 / " e"tHe=7) £ (a;(T), / ’ a(g)x(r+§)dg> dr — / " e e () dr.
-T 0

0

Setting u = t + ( this equality becomes, for u > 0,

z(u) = noe™ + /0 ' grtu) fo <x(7), / " a(&)x(r + §)d§> dr — /0 t e e(r)dr.

-T

Again this is true because z(-) solves (1). O

3.2 Continuity of the value function

We recall that the generator A of the semigroup (S(t)):>0 has bounded inverse in H given by

0
A7 (o, m) (s) = (”0,””— / m@)dﬁ), s € [~T.0].

r o r

It is well known that A~' is compact in H. It is also clear that A~! is an isomorphism of H
onto D(A) endowed with the graph norm.
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We define the || - [|—1-norm on H by
-1
[nll—1 = A7 n]]-
In the next proposition we characterize the adjoint operator A* and its domain D(A*).

Proposition 3.4. Let n = (no,m1(-)) € H. Then n € D(A*) if and only if m € W%’Q and
m(=T) = 0. Moreover, if this is the case, then

A*n = (rno +n1(0), =01 (). (29)
Proof. Let
(no,m) €D = {77 €H:me Wi’;?, m(=T) = 0}-

Then, for ( € D(A),

0 0
(AC,7) = oo + / Gi(s)m () ds = romo -+ Com (0) = / Gl s

Thus ¢ — (A(,n) is continuous on D(A) with respect to the norm || - ||. Therefore, n € D(A*)
and

A = (rno +m(0), = ().
Therefore, n € D (A*) and (29) holds. To show that D (A*) = D note first that for ¢ > 0
0
S*(t) (no, m () = (6” (Tlo +/ 771(5)6"56%) (=)L ( — t)) - (30)
(=)V(-T)

Clearly, D is dense in H and it is easy to check that S*({)D C D for any t > 0. Hence, by
Theorem 1.9 on p. 8 of [14], D is dense in D (A*) endowed with the graph norm. Finally, using
(29) it is easy to show that D is closed in the graph norm of A* and therefore D (A*) =D. O

Lemma 3.5. The map F is Lipschitz continuous with respect to the norm || - ||—1.

Proof. Due to the Lipschitz continuity of fy, it suffices to prove that

0
ol + \ / Ta(f)m(@df] < Coyllnll-1, Ve H. (31)

Indeed, since |no| < r|n||=1 (0,a(-)) € D(A*), we find that

0
‘/T a(i)m(é)dﬁ‘ = [{(0,a(-)),m| = [{(0,a(-)), AA™ )|
= [(A*(0,a()), A )| < 1A% (0, a()]l - [l -1
So, since [no| < 7|nl[-1, we get (31) with Cory =7+ [|A*(0,a(-))]- O

Remark 3.6. The condition a(—7") = 0 is needed to get the previous result. Indeed, consider
for example the case a(-) = 1. Then the sequence

n"=mo.m' (), mo =0, () =1 r _rr1/m(), n=>1,
is such that

0
[ aomi@e =1 vz 1 =0 when n — o,

so that (31) cannot be satisfied. If for example fo(r,u) = u, the result does not hold. [
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Lemma 3.7. Let X(-),X(-) be the mild solutions to (25) starting respectively from n,n € H
and both under the null control. Then there exists a constant C > 0 such that

1X(t) = X(t)l|-1 < Clln —7ll-1, Vvt €[0,T].

In particular )
[ Xo(t) = Xo(t)| < rClln —1|-1, Vte[0,T].

Proof. Invoking (27) we obtain, for all ¢ € [0, 77,
X() = X() = SO0 =) + | St =) [FX(7) = F(X(r)] .
Hence,
ANX(t) — X(1) = S(A " (g — ) + /0 S(t —7) A1 [F(X(r)) — F(X(r))] dr.
Therefore, taking into account Lemma 3.5, there exists some K > 0 such that
[X() = X(@)] -1 < K <H77 =7l +/0 1X(7) — X(T)ll—ldT> -

The claim follows by Gronwall’s Lemma. U

Proposition 3.8.

1. The set D(V) is open in the space (H, || - ||-1)-
2.V is continuous with respect to || - ||=1 on D(V). Moreover
() CDV), e —=neDV) = V()= V). (32)

Proof. 1. Let 7 € D(V'). We will show that
Je > 0,3IM > 0 such that V(n) > —-M, ¥ne B_i(i,e):={ne Hy | |n—1l-1<e} (33)
In particular (33) implies that D(V) is || - || _1-open. Let n € H, and set
X() = X(51,0), X(-):=X(3n,0).
By Proposition 2.9-(2) there exists £ > 0 such that

Xo(t) > €, vt e[0,7].

Let C be the constant of Lemma 3.7 and take ¢ € (0, §(2rC’)_1). By Lemma 3.7, we get for any
n such that ||[n —7|-1 <e

Observe that, by Proposition 3.3, Xo(t) = z(¢;7n,0), where x(-;n,0) is the solution of (1). Then,
arguing as in the second part of the proof of Proposition 2.11, from (34) we get

Xo(t) > Xo(T)e Cnt=T) > ge—cfo(t—”, Vi >T. (35)
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Thanks to (9) (see also Remark 2.5-(3)), the above inequality and (34) show that there exists
M > 0 such that J(n;0) > —M for every n € B_1(7,¢). Therefore also V() > —M for every
n € B_1(n,¢e) and (33) is proved.

2. From (33) it follows that V' is || - ||=1-locally bounded from below at the points of D(V).
As V is also concave (Proposition 2.14), the || -||—i-continuity of V' on D(V) follows by a classical
result of Convex Analysis (see e.g. [17], Chapter 1, Corollary 2.4). The claim (32) follows from
the first claim, since A~! is compact. O

Remark 3.9. D(V) is open also with respect to || - || [ |
Remark 3.10. It is straightforward to see that Proposition 3.8 above holds even if we replace
assumption (9) with assumption (12). [
3.3 Properties of superdifferential

Recall that, if O C H is open and v : O — R is continuous, the subdifferential and the
superdifferential of v at a point € O are the sets

D™v(n) = {a € H | liminf v(Q) = ”’(’Z)__njg —na) 0},
*o(n) =< a s V€ = v(m) = (C = n,a)
DTu(n) : { eH 1{an T SO}.

The set of the “reachable gradients” at n € O is defined as

D*v(n) = {a €eH ’ I, — n, nn € O, such that IVu(n,) and Vou(n,) — a} .

Consider now the case when v is concave (and continuous). In this case DT v is not empty at
every point of O, bounded, weakly closed (see [28], Chapter 1, Proposition 1.11) and

D*o(n) = {a e H | v(Q) = v(m) < (¢ —n.a), W €O}

Moreover the set-valued map O — P(H), n — D% wv(n) is locally bounded (see again [2§],
Chapter 1, Proposition 1.11). Also we have the useful representation (see [29], pp.319-320)

D*v(n) =e5(D*v(n)), n€O. (36)
Defining the directional superdifferential of v along 7 = (1,0) € H at n € O as

DFv(n) ={ag € R | v(Co,m) — v(no,m) < ao(Co —mo), Vo € Rs.t. (Co,m) € O},

we have that this set is a nonempty closed and bounded interval [a, b] C R. More precisely, since

v(+,m1) is concave, we have

a=uvy(n), b=uv,(n),
where vF —

o (1); v (1) denote respectively the right and the left derivatives of the function v(-,71)
at the point 1. By definition of D wv(n), the projection of Dtv(n) on 7 must be contained in
D v(n), that is

Div(n) > {ao | a € DT u(n)}. (37)

n
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On the other hand, Proposition 2.24 in [28], Chapter 1, states that
o =inf{{a,2) | a € D¥o(n)}, b=sup{(B,a) | € D*o(n)}.

and that the sup and inf above are attained. This means that there exists a, 3 € D" v(n) such
that

a=ag={an), b=PF=(3mn).
Since Dtw(n) is convex, we see that also the converse inclusion of (37) is true. Therefore
Dyv(n) = {ao | o€ DT w(n)}. (38)
Lemma 3.11. The following statements hold:
1. A7'D(V) is a convex open set in (D(A),] - ||).
2. O :=Intgy . (Clos,y (A7'D(V))) is a convex open set of (H, || - ||).
3. A'D(V) C O and A~'D(V) is dense in O.

Proof. 1. Observe first that, since A™! is one-to-one, there is a one-to-one correspondence
between the elements € H and p € D(A). For every n,7 € H, we set p = A~!n, p = A~17.
Given ¢ > 0 we have

{peDA) |llp-pll <e} = {A™'n, neH|lln—7ll-1 <<}
= AMne H | |n—all-1 <e}. (39)
Recall that D(V) is open in (H, || - ||=1) by Proposition 3.8-(1). Therefore, given 7 € D(V'), we

may find € > 0 such that
{neH||n—-mnll-<et cDV). (40)

Let p € D(V). We have by (39) and (40)
{peD(A) | p-pll <} cATID(V),

which shows the claim.

2. The set O is open by definition. Since A~! is linear and D(V) is convex, the fact that O
is convex follows from the fact that the interior and the closure of convex sets are convex.

3. The fact that A~1D(V) is dense in O follows from its definition. Let us prove the inclusion
AID(V) c O. To this aim take p € A~'D(V). We must prove that there exists £ > 0 such
that

BeH ={peH||p—p|<e}C CIOS(H,H-H) (A_ID(V)) . (41)

Since A™!D(V) is open in (D(A), || - ||) (point 1), we may find ey > 0 such that
BE@W = {pe D(A) | |p—pll <20} € A'D(V) C Closg,.y)) (A7'D(V)) . (42)

Take ¢ = €¢/2 in (41). If p € B is such that p € D(A), then p € Clos, .y (A7'D(V))
by (42). If p € B is such that p ¢ D(A), we may find a sequence (p,) C D(A) such that
lpn — pll < € and p, — p. Then p, € Bg(A), sopé€ CIOS(H7||.H)(B§)(A)). Again by (42) we get

pE CIOS(H7||,H)(A_1D(V)). O
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Proposition 3.12. Let v: D(V) — R be a concave function continuous with respect to || - ||-1.
Then

1. v=uoA™Y, whereu: O C H — R is a concave || - ||-continuous function on the open set

O defined in Lemma 3.11-(2).
2. D wv(n) C D(A*), for any n € D(V).

3. DTu(A=ln) = A*D%v(n), for any n € D(V). In particular, since A* is injective, v is
differentiable at n if and only if u is differentiable at A='n. In this case Vu(A™1n) =
A*Vu(n).

4. Let n € D(V). If o € D*v(n), then a € D(A*) and there exists a sequence 1, — 1 such
that
IVou(n,), Vn €N, and Vo(n,) — a, A*Vu(n,) = A*a.

Proof. Observe first that, since A~! is one-to-one, there is a one-to-one correspondence
between the elements n € D(V) and p € A~'D(V).

1. Let us define the function ug : A~'D(V) — R by

uo(p) == v(Ap).

Since v is concave and continuous, we see that wug is a concave continuous function on
(A7YD(V), || -]|) too. Since ug is concave, it is locally Lipschitz continuous on (A=Y(D(V), | - ||)-
Moreover, by Lemma 3.11-(3), A=1D(V) is || - ||-dense in O. So ug can be extended to a concave
|| - ||-continuous function u defined on O. This function satisfies the claim by construction.

2. Let n € D(V), a € D wv(n). Then
v(Q) —v(n) <(C—n,a), VYCeEDWV).
So, setting p= A~ , g = A7I(,
u(g) —u(p) < (Alg —p),a), VYge AT'D(V).

Hence, the function (D(A), |- ||) — R, ¢ — (Agq, a), is lower semicontinuous at p. It is also
linear and therefore it is continuous on (D(A), || - ||). So, we conclude that o € D(A*).

3. Let n € D(V), o € D*u(n). Then
v(¢) —v(n) < (¢ —na), VCEDV).
Thus, setting p = A=, ¢ = A71¢,
u(g) —u(p) < (Alg —p),@) = (g —p, A"a), Vg€ AT'D(V).

So, A*a € D u(p). This proves the inclusion DT u(A~1n) D A*D¥v(n).
Conversely let p € A=Y(D(V)) and w € DV u(p). Then

u(q) —u(p) < (g —p,w), Yge AT'D(V).
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Thus, setting n = Ap, ( = Ag,

v(¢) —v(n) < (ATHC—m),w) = (C—n, (A7)*w),  Y¢eDV).

Since (A~1)* = (A*)7!, we get (A*)"'w € DTv(7). This proves the inclusion DTu(A~1n) C
A*Dto(n).

4. Let n € D(V) and a € D*v(n). By definition of D*v(n), we can find a sequence
(nn) € D(V) such that n, — n, Vo(n,) exists for any n € N and Vu(n,) — «. Setting
pn = A7, thanks to claim 3 also Vu(p,) exists and Vu(p,) = A*Vv(n,). Since u is concave,
the set-valued map p — D7 u(p) is locally bounded. Hence the sequence Vu(p,) is bounded.
Therefore from any subsequence we can extract a subsubsequence weakly converging to some
element j € H. The operator A* is closed, so the graph of A* is closed in (H x H, ||| x || - |-

Such graph is a convex set, so it is also closed in (H x H,| - || x Ty), where 7y, is the weak
topology of H. Therefore we can say that « € D(A*) and j = A*«a. Since this holds for any
subsequence, we conclude that A*Vu(n,) = Vu(p,) — A*a. O

4 Dynamic Programming

In this section we consider the Dynamic Programming that in our case can be stated as follows.

Theorem 4.1 (Dynamic Programming Principle). For any n € D(V') and for any s > 0,

V(n) = sup [/Se_pt(Ul(C(t)+Uz(Xo(t)))dHe_psV(X(S)) :
c(-)eC(n) LJO

where X () := X (:5m,¢(+)).

Proof. See e.g. [27], Theorem 1.1 in Chapter 6. The proof can be easily adapted to our
constrained case. O

The differential version of the Dynamic Programming Principle is the Hamilton-Jacobi-
Bellman (from now on HJB) equation, which in our case reads as

po(n) = (n, A"V v(n)) + f(n)vn, (n) + Ua(no) + H(vne (), n€D(V), (43)
where H is the Legendre transform of Uy, i.e.

H(ag) :=sup (Ur(c) — apc), ap € R.
c>0

Due to Hyphothesis 2.5-(i) and to Corollary 26.4.1 of [30], H is finite and strictly convex on
(0,400). Notice that, thanks to Proposition 2.16-(3),

D;{V(n) C (0,00), VneD(V),

where 7 = (1,0) € H.
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4.1 Viscosity solutions

We now prove that the value function V' is a viscosity solution of the HJB equation (43). To
this end we define the following set of test functions

T = {tp € CY(H) | Vy(-) € D(A*), A*Vy: H — H is Continuous}. (44)
Let us define, for ¢ > 0, the operator £¢ on 7 by

[Loel(n) := —pe(n) + (n, A"V () + f(1)en (1) — cong (n).
Lemma 4.2. Let ¢ € 7, ¢(-) € L}([0,+00);R") and set X(t) := X(t;n,c(:)). The following
identity holds for any t > 0:

6_”%(X(t))90(77)=/0 e L ) (X (5))ds.

Proof. The statement holds if we replace A with the Yoshida approximations. Then we can
pass to the limit and get the claim thanks to the regularity properties of the functions belonging
to 7. See also [27], Chapter 2, Proposition 5.5. O

Definition 4.3. (i) A continuous function v : D(V) — R is called a viscosity subsolution of
(43) on D(V) if for any ¢ € T and any ny € D(V) such that v — ¢ has a || - ||-local mazimum
at nyr we have

pv(nar) < (nar, AN o)) + £ () eno (Mar) + U2(m0) + H (e (1a1))-

(ii) A continuous function v: D(V) — R is called a viscosity supersolution of (43) on D(V)
if for any ¢ € T and any Ny, € D(V) such that v — ¢ has a || - ||-local minimum at n,, we have

pv(1m) = (Mims AN (0m)) + f (1m) o (Mm) + U2(10) + H (2o (1m))-

(iii) A continuous function v : D(V) — R is called a viscosity solution of (43) on D(V') if it
1s both a viscosity sub and supersolution.

Theorem 4.4. The value function V is a viscosity solution to (43) on D(V).

Proof. (i) We prove that V is a viscosity subsolution. Let (17, ¢) € D(V) x 7 be such that
V — ¢ has a local maximum at 7,,. Without loss of generality we can suppose V() = @(nar).
Let us suppose, by contradiction that there exists v > 0 such that

2v < pV (nar) — ((ar, AV (nar)) + £ (1ar) o (nar) + U2(no) + H(spne (1)) -
Let us define the function
G(n) = V() + (Velnr),n —nu) + In— na| 1

We have
V@) = V() + (A TA (g — 1),

Thus ¢ is a test function and we must have also

2v < pV (nar) — ((ars AV G(ar)) + f(1ar) o (1ar) + Uz(no) + H(Pne (101))) -
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By concavity of V' we have

Vi) = @), ¢(n) 2 V() + n—nul2y. n e DV). (45)

By the continuity property of ¢ we can find € > 0 such that

v < pV(n)— ((n, A*V@0)) + fF(0)Bne(n) + Uz(no) + H(Pno(n))), n € Blnar,e).  (46)

Take a sequence 6, > 0, 6, — 0 and, for any n, take a d,-optimal control ¢,(-) € C(nas). Set
X™() := X (;mar1, cn(+)) and define

tn s=1nf{t > 0 | |X"(t) —nul =} AL,

with the agreement that inf() = +o0o0. Then ¢, belongs to (0,1]. Moreover, by continuity of
trajectories, X" (t) € B(num,¢), for t € [0,t,). Using the d,-optimality of ¢, (-), (45) and (46),
we would arrive to write

S > tov + e P | X (tn) — mar]| 21, (47)

We distinguish two cases:

limsupt, =0, or limsupt, > 0.
n n

In the first case it must be
I X" (tn) — ns|21 — 0.

Let us show that this is impossible. The above limit implies in particular that
| X0 (tn) — (nar)ol — 0. (48)
Moreover, by definition of t,, it has to be
| X' (t) = (ol <&, t€[0,tn]. (49)
Since t,, — 0, taking into account (49), we have also
17 (t) — ()1l — 0. (50)

The limits (48) and (50) are not compatible with the definition of ¢,, and the contradiction arises.

In the second case, we get from (47) that d,, > t,v. We can suppose, eventually passing to a
subsequence, that ¢, — t € (0,1]. Since d,, — 0 and ¢, — tv, again the contradiction arises.

(ii) The proof that V is a viscosity supersolution follows the same line and it is indeed easier.
See e.g. [27], Theorem 3.2, Chapter 6. O

4.2 Smoothness of viscosity solutions

We start with a lemma.

Lemma 4.5. Letv : D(V) — R be a concave ||-||—1-continuous function. Assume thatn € D(V)
is a point of differentiability for v and that Vv(n) = «. Then

1. There exists a test function ¢ such that v — ¢ has a local mazimum at n and Vo(n) = a.
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2. There exists a test function ¢ such that v — ¢ has a local minimum at n and Vo(n) = a.

Proof. Thanks to Proposition 3.12-(2) and to the concavity of v, the first statement is clearly
satisfied by the function (-, o). We prove now the second statement, which is more delicate. Let
u be defined as in Proposition 3.12-(1). The first and third claim of Proposition 3.12 yield that
a € D(A*), u is differentiable at p := A~'n and Vu(p) = A*a. This yields

u(q) —u(p) = {g—p, A*a) > ~llg = p| -e(lg —pl); Vg€ ATD(V),

for some ¢ : [0,4+00) — [0, +00) increasing and such that £(r) — 0, when » — 0. The previous
inequality can be rewritten as

u(q) —u(p) = (A(g —p), ) > —llg—pll -e(lg— pl), Vg€ A7'D(V).

Therefore, defining ¢ = Aq for ¢ € A='D(V) and recalling that A is one-to-one from A~'D(V)
to D(V),
v(¢) —v(n) = (C—n,0) = =[[¢ = nll-1-e(IC =nl[-1), VCeDV). (51)

We look for a test function of this form:

e(C) =v(n) +{¢—na)=g(¢=nl-1), CeDV),

where g : [0,4+00) — [0, +00) is a suitable increasing C! function such that g(0) = ¢'(0) = 0.
Notice that, since g(0) = 0, we have ¢(n) = v(n). So, in order to prove that v — ¢ has a local
minimum at 7, we have to prove that ¢ < v in a neighborhood of 7. Let us define the function

2r
g(r) ::/0 e(s)ds.

We see that g(0) = ¢’(0) = 0 and

2r
g(r) > / e(s)ds > re(r).
Then, by (51),

e(C) = vm)+(C=mna)—g(¢—nl-1)
< v+ (=) = [[C=nll-1- e(|¢ =nll-1) <v(C), VCeDV).

Moreover, recalling that (A=1)* = (A*)~!

+
+

o~ o~

ATY(¢ -
a—(A*>-1g'<||c—n|rl>M_1E§_7’;§H, it £,

a, if ( =n.

Ve(() =

This expression of V¢ shows that ( — A*V(() is continuous. Therefore, ¢ is a test function.
Finally, V(1) = « and the proof is complete. O

Now we can state and prove our main result.

Theorem 4.6. Let v: D(V) — R be concave, strictly increasing with respect to the component
no and || - ||=1-continuous. Moreover, assume that v is a viscosity solution of (43) on D(V).
Then v is differentiable along the direction n = (1,0) at any point n € D(V') and the function
1 — Uy (n) is continuous on D(V).
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Proof. Let n € D(V) and o, € D*v(n). Thanks to Proposition 3.12-(4), there exist
sequences (1), () C D(V) such that:

® 1y =1, Tn = 1);
e Vu(n,) and Vou(n,) exist for all n € N;
o A*Vu(n,) = A*a and A*Vu(7,) = A*f.

Since v is a viscosity solution of (43), thanks to Lemma 4.5 we can write, for any n € N,

pv(n) = My ANV (0)) + £ (1) vy (1) + U2(n0,n) + H(vne (7)),

PV (7)) = (7, A*Vv(ﬁn» + f(ﬁn)vno (7n) + UQ(WO,n) + H(UUO (71n))-

Passing to the limit we get

(n, A%a) + f(n)ao + Ua(no) + H(ao) = pv(n) = (n, A*B) + f(n)Bo + Ua2(mo) + H(Go).  (52)

On the other hand, due to (36), we have D*v(n) C D%wv(n). Therefore o, 3 € D*(n). Since
D7 v(n) is convex, we have also Aa + (1 — A\)3 € D wv(n), for any A € (0,1). So, by Lemma
4.5-(1), we have the subsolution inequality

po(n) < (n, A*(Aa+(1=X)8)) + f(n)(Aao+ (1= A)Bo) + Uz(mo) + H(Aag + (1= A) o), VA€ (0(, 1))-
53
Combining (52) and (53) we get

H(Aao + (1 = A)Bo) > AH(ao) + (1 — A)H(Bo)-

Due to (38), we have ag, By € Dfv(n). Therefore, recalling that v is concave and strictly
increasing with respect to the 7y component, we have g, By > 0. Then the fact that H is
strictly convex on (0, +00) and the previous inequality show that ay = 3p. This means that the
projection of D*v(n) onto n is a singleton. Thanks to (36) this implies that also the projection
of D"w(n) onto # is a singleton. Due to (38), we have that D v(n) is a singleton too. Since v
is concave, this is enough to conclude that it is differentiable along the direction 7 at 7.

We prove now that the map 7 — v,,(n) is continuous on D(V). Let n € D(V) and let
(n™) C D(V) be a sequence such that n™ — 7. We have to show that v,,(n") — vy, (n). Since v is
concave, again by (38) for every n € N there exists pf* € L2 such that (v,,(n"),p}) € D o(n").
Being v concave, the set-valued map ¢ — D% v(() is locally bounded. Therefore, from any
subsequence ("%, we can extract a sub-subsequence (™) such that (v, (7)), p?kh) is weakly
convergent towards some limit point. Due to the concavity of v, the set valued map n — D¥v(n)
is norm-to-weak upper semicontinuous (see [28], Chapter 1, Proposition 2.5). As consequence
of this fact, this limit point must live in the set D" v(n). By (38) the limit point of (vy, (n™*))
must coincide with vy, (n). This holds true for any subsequence (vy, (™)), so that the claim
follows by the usual argument on subsequences. O

Remark 4.7. Note that in Theorem 4.6 we do not require that v is the value function: we

require only that it is a concave, strictly increasing with respect the component 79 and || - ||—1-
continuous viscosity solution of (43). In particular these properties are fulfilled by the value
function (Propositons 2.14, 2.16, 3.8-(2) and Theorem 4.4). [
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Remark 4.8. The regularity result of the previous theorem allows us to define the feedback
map

C(n) := argmax s (U1(c) — Vo (n)), 0 € D(V). (54)
At least formally, this map defines an optimal feedback strategy for the problem. The study of
it will be the subject of a forthcoming paper. |

Remark 4.9. When the delay is concentrated at a point in a linear way, we might be tempted
to insert the delay term in the infinitesimal generator A and try to proceed as in Section 3.
Unfortunately this is not possible. Indeed consider a simple example:

{y'<t> =ry(t) +y(t—T),
y(0) =m0, y(s) =m(s), s € [-T,0),
In this case we can define
A:DA)CH— H, (10, m1.(-)) = (rno +m(=T), 7, (-))-

where again
D(A) :={n € H | m(-) € Wp?, n(0) =1n0}.

The inverse of A is the operator

AL — @A D m)— (P ek [ m@as).

where 0
1 T
= — dg.
C= M H_l/_T??l(f)f
In this case we would have the first part of Lemma 3.7, but not the second part, because it
is not possible to control |ng| by ||n]|—1. Indeed, take for example r such that h: =1, and

(N"™)nen C H such that
0
=172 [ u@ds=1 nen.

We would have ¢ = 1/2, so that

n
—C
HOT = 0. Moreover we can choose 7] such that, when n — oo,

0
I8
Therefore, we would have |ng| = 1/2 and |[n"||-1 — 0. This shows that the second part of

Lemma 3.7 does not hold. Once this part does not hold, then everything in the following
argument breaks down. |

2
ds — 0.

3+ [ e

5 The optimal control problem with the state constraint x(-) > 0

So far, we have considered the optimal control problem with state constraint x(-) > 0. It is
meaningful to consider the problem imposing a weaker state constraint z(-) > 0. We will briefly
explain which of the previous results remain true.
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First of all the set of admissible strategies is wider and given in (5). The domain D(V)
of the corresponding value function V is wider as well, as it contains also boundary points.
Moreover, it may happen that the restriction of V' to D(V') does not coincide with V. In general
we only have the inequality V >V on D(V). However many properties of V can be proved for
V as well with the same proofs. In particular, we would have:

e Int(D(V)) is a convex || - ||_1-open set of H and V is concave and || - ||_1-continuous on
this set;

e the monotonicity properties of Propositions 2.15, 2.16 are true for V as well;

e the regularity result of Theorem 4.6 holds for V on Int(D(V)).

On the other hand, the continuity at the boundary dD(V') is not guaranteed and, in any case,
not easy to prove. This is due to the fact that the boundary is not absorbing for the problem
that is there exist points on the boundary and admissible strategies associated to such points
leading the corresponding state into the interior region. This makes the study of the continuity
at the boundary difficult.
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